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1. (40pts). For each of the following stat_émehts, determine whether it is true or false. Do not
give explanation. :

(a) Given a sequence {a,}22, of real numbers, then hmn__,oo an = a if and only if any neigh-
borhood of a contains infinitely many terms of the sequence {a,}.

(b) The set of rational numbers AQ,;s.,gigans}é in -;'th.e.re.;#.li"ling.jk.,-'.'_.

(c) Suppose f and g are both uniformly continuous on R. If f () < g(a:) for all z < 0, then

(d) If f: R — R is differentiaplefand strictly increasing; then f'(z) > 0 for all z € R.

(e) Consider two contindous functions f,¢+R == “Then'the sét.{#.c R : |f(z)—g(z)| >
1} is open in R.

(f) If two power series 2i20a 3" and NPeub, rhehave as their radius of convergence 7, and
Ty respectively, then the power Series 3% o (axp b;)z* has min(r,, ;) as its radius of
convergence.

(8) If @ R?* = R Has first okclor partial derivates and gf;(:z;, ) = %g(x,y) = ( for all

(z,y) € R?, then flid & constat function.
(h) Consider the sequence of differentiabie- functicns Wntoe: with f, : [0,1] — R. If

n converges uniformly to a differentiable function f : 0,4] — R on [0, 1], then-
limy, o0 £ (z) = fz) ferallz e [0,1]. ;

(1) Iff:[0,1] — R is monotone, then f is integrable ori {0,1].

() Suppose f: R = [0,1]%[0, 1] — R is bounded.. Then we have [ [ f < f—ol <_f9if(:c,y)dx) dy <

JTrf.
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2. Please state the following deﬁnltlon

(a) (4pts). Wesay a series E°° lak is condltlonally conVergent prov1ded that

(b) (6pts). Let [ : [a, bl = R and fn : [a b] =5 R for n e N We sy { fn},n_1 converges
uniformly to f on [a,b] provided that ™ ik S : |

(c) (6pts). Suppose f : R? — R afd = (ul,ug) js a unit vector (uf +uf = 1). We
say f has a directional derivatige .ab: the origin (0; 0\ i the direction of u provided that

3. (12pts). Prove or disprove that if i TR @ contmuous and bounded, then f is
uniformly continuous on (—=1,1). Justify ygur @nswers

4. (12pts). Prove or dispreveithatiiflf : (=1, 1] — R s comtinugug, nennegative and =0,
then f(z) = 0 for all z €—151]4 Justify your answer.,

5. (10pts). Suppose f : R? -+ R and|we airgady know that flz,y) = ;ﬂ? for ( y) # (0,0).
Is it possible to define a suitable value for f (0,0) such that f is continuous at (0,0)? Justify
your answer. :

6. (10pts). Given f : [a,b] — R and g : [¢,d] — R, define & : [a, b] X [e,d] — R by
hz,y) = f(z)g(y). Let P, = {20 = a < &1 < ... < &, = b} be a partition of [a,b],
P,={yo=c<y <...<ynm=d} be a partition of [¢,d], and P = P, X P, a partition

- of [a,b] X [c,d]. Please prove that U(P, k) < U(P, f)U(Py,g) (Note U(P, h) is the upper
(Darboux) sum of function h based on partition P.) T
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Calculate the integral I = f:o exp (———Zy—z-) dy. (10%)

Let X have the uniform distribution with p.d.f. f(x) = 1,0 < x < 1, zero elsewhere. Find the distribution
function of Y = —2InX. What is the p.d.f. of Y?  (10%)

Let X, X5, be independent Bernoulli random variables, X;~Bin(1,p;), and let Y, = Z{‘__.lﬁ;—p‘. Show

that the sequence Y;,Y,, - converges'stochastically topc = 0 as n — oo. (15%)

Let X and S2 be the mean“and the variance of a random sampleef size 36 from a distribution that is
N(4,144). Calculate Pr(@<X < 6, 45 <.5%="140),  (10%) (do neot need to give the exact value.)

Assume that X;~Lognomal(u;,6),i = 1,2,--,n' areindependent. Find the distribution of
Y . e
(@) 3= (b) T2, Y7 \c) Find E[ITL , Yi].oueld8%)

Let X;,X,:++,X, be a [random sample from N(p, 02 )./Show that| the sample mean X and each
X;— X, i=1,2,--n, areindependent:. (15%)

Let X;,Xp,-,X, be a random sample fromasa distribution with p.m.f f(x) =%,x= 1,2,--+,6, zero

elsewhere. Let Y = min (X;) and Z = max(X;).Say that the joint distribution function of Y and Z is
G(y,z) = Pr(Y <y,Z < z), wherey and z are nonnegative integers suchthat 1<y <z<6.

(a) Show that G(y,z) = F*(z) — [F(z) —F()]", 1<y <z <6, where F(x) is the distribution function
associated with f(x).
(b) Find the joint p.m.f.of YandZ.  (22%)
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