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1. (40pts). For each of the following statements, determine whether it is true or false. Do not
give explanation.

(a) The set of rational numbers © and the set of integers Z have the same cardinality.
(b) If Ay, As, As,... are compact sets of R, then A = U2, A; is compact in R.

(c) Let f: R — R. if f is uniformly.continuous on every interval [m,m+1] form e 2,
then f is uniformly continuous”onfResilSS™s, [m, m + 1].

(d) Let f,g : [0,b] — R./If{f and g are both 'Riemann integrable on [a,b], then so is
h:la,b] — R defined by h(z) = max(f(z), g(z)).

(e) Suppose f & R —3 R is différentiable. “Then h : R —3 R defined by h(z) =
" z b ifa#0 is & continuous/function
f(0) ifz=0 '
(f) I {fa}o2o is & sequence of continuous functions on [0, 1] converging pointwise to a con-
tinuous function f on [0, 1], then the.convergence is uniform.

g) If the power series B2 ja,(z -+ 2)* diverges when £ = = 2#then it also diverges when
I k=0 g 2

5-

(h) If ¥ sax converges to S absolutely,-then“any rearrangement of %2 ,ax converges to S
absolutely as well.

(i) Suppose {f,}32, is asequence of continuously differentiable functions on (a,b) that con-
verges uniformly to a differentiable function-f.on-(e;b), then {f,}3°, converges pointwise
to f on (a,b).

(3) Let f: [a,b] x |[c,d] — R be bounded. Then T[a’b]x[c,(q fdzdy < Tz(ﬁf dy)dz.
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2. Suppose {a,}22, and {b,}32, are both Cauchy sequences.

n=1

(a) (3pts). Please write down the definition of a Cauchy sequence for {an}22,.

(b) (5pts). Please Prove that {a,} is bounded.

(c) (7pts). Please prove that {a,b,}32, is a Cauchy Sequence.

3. (6pts). Cauchy’s mean value theorem is stated“as follows: if f and g are continuous on
[6,b] and differentiable on (gfb){ then there exists o,c (a,b) such that f'(c)(g(b) — g(a)) =
g (c)(f(b) — f(a)). What_is wrong with the following proof for the Cauchy’s mean value
theorem? (Only one'place and do not need to correct it.)

Since [ and g satisfy the hypotheses of the mean value theorem, there exists
¢ € (a, b) such that f(b) ~ f(a)= [ (c)(b—a)and g(b) — g(e) = g (c)(b - a).
Then f/(0)(9(8) = 9(a)) = 2212 (g/()(b.~ 0)) = G ()(F(B) - f(a)).

4. (10pts). Suppose f : [a,b] -— R is continuous. Please prove that f > 0 if h : [a,b] — R
defined by h(z) = [ f(£)dtlis increasing on {a, b|.

5. (6pts). Suppose L2 gaxpz® and £2° byz* have as their radius of convergence both R. Then
will the power series B2 o(ax + by)z*-have radius of convergence R? Justify your answer.

s if (@) £00,0)
0" it (ae9) # (0,0)

(a) (6pts). Please find the partial derivatives f,(0,0) and f,(0,0). Show your work.

6. Let f:R? — R deﬁhed by fz,y)= {

(b) (7pts). Please find the directional derivative f,(0,0), where u = (ug,u,) and u +ul = 1.
Show your work.

(c) (10pts). Please show that f is not continuous at (0,0).
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