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1. (21pts). For each of the following statements, determine whether it is true or false. (True or
false questions. Do not give explanation)

(a) If A and B are n X n matrices, then (4 4+ B)(A+ B) = A + 2AB + B>

(b) Let A be an m x n matrix, O, x, be n X n zero matrix, and O,,x. be ™ X n zero matrix.

If ATA= O,yn, then A= O,
(c) Let A be a square matrixf thén det(—A) = =det(A).
(d) Every orthonormal*sét of five vectors in R® is a basis-for, R°.

(e) Let A; and Xy be two distinct-eigenvalues ofvan m X m matrix A. Then the eigenspaces
associated with A; and )\,/are erthogonal.

(f) Any 4 x 3 matrix has linear dependent.zows.

(g) SupposeyAlis & nosingular matrix. If.A4 is symmetric and positivé definite, then A~! is
also symmgetrie and positive definite.

2. (5pts). An autormobile rental Sompany has three locations, which we designated as P, Q, and
R. When an automobile is rénted,at one of the loeations, it may be returned to any of the
three locations. Hxperience has shown the-weekly. rental distribution history as summarized
below:

Locatiom P 80% stay ot P, 10% go to Q, " 10% go to R.
Location Q™ 10% goit® P, "w60% stay.at' Q, 30% go to R.
Location R:  10% goto P,  20% go to Q, 70% stay at R.

Suppose the automobile rental company has a fleet of 300 cars. Initially an equal number of
cars is based at each location. Please compute the steady-state vector.
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3. Let L : R2 — R® be a linear transformation for which
1 1
LQ;]): 3 ,andL({g})= 1 1.
2 —2
1 0
(a) (4pts). Please compute L ([ 0 ]) and L ([ 1 }) Show your work.

(b) (2pts). Find the standard matrix representing I

4. (4pts). Is the set of all 3:x 3 maftrices whose determinant is 1 assubspace of the vector space
Mss. Justify your answer.

5. (5pts). Use the Gram-Schmidt process to generate an orthonormal basis for

wn Y (- { 1

0 2

W = Span {wy,w,, w3}, where wy= L | w2 = 5‘ _? ,oand ws = 0
L 13 [ LQ

(a) (2pts). Find the charaCteristie polynomislsef. A,
(b) (2pts). Find eigenvalues of A.
(c) (3pts). Please give bases for the eigenspaces associated with each eigenvalue of A.

(d) (2pts). Is A diagonalizable? Explain your answer.

#
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7. (10 4})Sketch the curve y = 2"21
8. (5 43) (a) Bvaluate lim ol ) (b) Evaluate | xe'dx

9. (54}) (a) Find the radius of convergence and interval of convergence of the series

i nx +2)°
r ] 3n+l

2

(5 43) (b) Findestitn f—or2
(x.2)=(00) x* + y

if it exists.

2

10. (10 #7)Evaluate || 3x+ 49*)dA4 , where RUis the region in the opper half-plane
R

bounded by the cireles x* +y? =1 and_x’ +y* =4
11. (10 4}) Find the maximum and'minimum values ofthe function

f(xyy,2)=x+y+2z subjecttothe givenconstraints 2—y=z,x+z"=4
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1. Two basketball teams, Tiger and Lion, play a series of 5 games that ends whenever one
of them has won 3 games. Suppose that each game is independently played, and is
won by Team Tiger with probability p. Let Y be the number of games that are played
for the series.
(a) Write down the probability function of Y. (6pts)
(b) Sales in tickets depends on the number of games played. Suppose that the basic sales
per game is $1,000,000, while each=additional game, compared to the minimum
requirement to end the series, brings $200,000 more out of basic sales. What is the
expected sales for the series? (6pts)
2. Let f(x,y)=1/4,/ifdxl<y, 0<y<2-bethejoint pdf of (X, K
(a) What is the marginal pdf of X? (5pts)
(b)Find f(y|x) and E(|x). (7pts)
(c) Find E(XY). (5pts)
(d) Find the pdf of W=X+Y . (7pts)
3. Let X,,--,X, be arandom Sample from a continuous uniforn distribution, UNIF(a,b),
where a <b. Let | X, bethciargest order statistie.
(a) What does expl[ X, | convergein probability te? Show your work. (6pts)
(b) Find the limiting distribution of explub—X o)/(b—a)]. Show your work.. (8pts)
4. In each of the families of distributions listed below, checks whether they have a
monotone likelihood ratio in the parameter specified and finds the relevant statistic:
(a) Poisson distribution. (4pts)
(b) Exponential distribution.  (4pts)
(c) Gamma distribution, shape parameter. (4pts)
# # R A M % % %
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5.Let X,,...,X, bearandom sample from the distribution f(x;6) = (%)[e—i—l} ,

where x =1,2,.... Determine the UMP test of the hypothesis H,: 6 =8, against the
alternative H, :6>6,. (15pts)

6.Let X,,...,X, bearandom samples from uniform distribution on (0, 9).

(a) Find the sufficient statistic for &% Called T %, (3pts)
(b) Show the three estimators,#T,4f3 andT,, aréunbigsed estimators of 6,

where 7, = T, + mingkeh. hXy)s B =2X andTy=\(» +)min(X,,..., X,).
(6pts)

(c)For T,,7, and T,,basedon 7, find theimproved estimators i 2*, T, and T, 4*
those Have less variance than 7,,7, and T,yi.e. Var(T )= Var( T), i=234.

(8pts)

(d) What do you' find from part (c)? Which theorem can explain the result from
part (c)? (6pts)
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Choose ONE best answer for Questions 1-5.
1) (4%) Which of the following is not the result of the Central Limit Theorem?
(a) the binomial distribution can be approximated by the normal distribution;
(b) the distribution of the sample means is approximately normal when the sample size is large;
(c) the z value can be used to compute the probabilities related to the sample mean;
(d) the ¢ distribution gets closer to the z distribution when the degrees of freedom become larger.
2) (4%) Which of the following is best for interpreting the 95% confidence interval for the mean?
(a) 95% of the population means will fall withinstheseenfidence interval;
(b) for each confidence interval the probébilityfof ineliiding the true population mean is 0.95;
(c) the probability that the midpointof the confidence interval iSiequivalent to the true population
mean is 0.95;
(d) 95% of the construgted confidénce intervals will include the true population mean.
3) (4%) Consider testing the hypotheses Hy: <10 and Hwu >10 based on'a random sample, where
¢ 1s the population mean. Which of the following statement may not be correct?
(a) A good decision rule will reject! 7/, if the observed sample mecan is large.
(b) A good decision rule will reject /| if the observedip-value is'small.
(¢) Once the probability of Type I Error is fixed, the probability of Type II Error is also fixed.
(d) This is a right-tailed test.
4) (4%) Which of the following may not ingrease the power of a test?
(a) obtain a new sample; (b) increase the significance level;
(c) reduce the probability of Type IL Ersor; (d) increase the sampie size.
5) (4%) When using the ¢ distribution to develop the-confidence interval for the population mean,
which of the following assumptions is not required?
(a) the population is normal or approximately normal; (b) the sample size needs to be large;

(c) the population standard devaation 1s unknowit; (d) the'sampled obServations are independent.

6) According to a report last year, the proportion of families with total income less than a million in
Taiwan is 70%. This year, the governor is concerned about that the proportion has changed. A survey is
then conducted by randomly selecting 200 families in Taiwan, and 128 of them reveal to have total
income less than a million.
a) (6%) Suppose the proportion is unknown for this year, construct a 99% confidence interval for the
proportion.
b) (6%) Continue with part a), if we want the confidence interval to have the margin of error to be
less than 0.05, what is the required sample size?
¢) (6%) Please perform a hypothesis testing procedure (using significance level 0.01) to validate the

concemn of the govemnor.
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d) (6%) Compute the p-value for the test in part ¢). Is your decision based on the p-value agrees with

that in part ¢)? Please explain.
€) (6%) Suppose the true proportion for this year is 74%, what is the power of the test in part c) ?
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9 (7%) A school supervisor is reviewinginitial wages of formerstudents (in $000). Independent random
samples of size 3 were taken over 2 'years (2003, 2005) for 4 different majors (accounting, administration,
finance, and marketing). The results are given in the following. Test the significance of major and year and
their interaction on the mean salary and give a brief report. ( a =5%)

Major Accounting Finance | Administration 1 Marketing
Year 2003 | %2005 |/, 2003 || 2005 | [2003) | 2005 | 2003 2005
Number 3 | TN\ Y [} 0| VAR 3 3
Mean | 69.2 | 711 68%, | 73.0 | 618 666 | 69.0 61.3
Variance | 432 | 751 208 57 13 | 654 | 60 1.6

ANOVA

Source of Van;lo_ﬁ‘ S_§ 7 Df MS F P-value

Major 203 3 734 237 0109

Year 5.9 1 59 019  0.668

Interaction 160.9 3 53.6 1.73 0.201

Error 496.1 16 31.0

Total “ 8832 23

% | X OE M A2 & X
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ft 4% — : Critical values
F(14,14,0.05)=2.48, t(21 0.05)=2.08, t(21, 0.025)=2.41, (28, 0.05)=2.05, (28, 0.025)=2.37,
X (l 0.05)=3.84, x (2 0.05)=5.99, z(0.05)=1.645, z(0. 025)=1.96
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L. Descriptive Statistics

Table I-1

S 24 _ TEREWM W XERHQ)

i I ) Gr(_)up 1 Group/2 Pooled Group 1 Group 2 Pooled
F3a% 44.7 S il 43,7 410 " 455 4323
FEE 18.2 20.5 19.1 16.3 13.4 14.8
181 % 15 15 30 N 15 30

Table I-1 (Cont.)

® Bﬁ%ﬁiﬁd%ﬁﬁiéﬁ'(&

Li: ) Group1 Group2 T Pooled™
EXTEY SR \73 B
HEE 21.4 1.4 W6

18 2 15 15 30

#% # | X M M OF & R
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II. Regression Analysis by Group
GROUP 1:
Figure 1. The scatter plots of the three variables in group 1.
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ANOVA
aHE SS MS F RRE
5 2 18771 9385 2.48 0.13
B 12 45329 3777
485 14 6410
h# BER t &t P-1&
# 38 18.3 16.3 1.12 0.29
FERE 0.2 0.3 0.51 0.62
Xk AR 0.6 0.3 1.80 0.10
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GROUP 2:
Figure 2. The scatter plot of the three variables in group 2.
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Figure 3. Residual plots for Group 2.
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Areas under the Normal Curve

Example:;

If z=1.96, then

R0 to 2 = 0.4750.

z— 1.96
z 000 0.01 002 0.03 0.04 005, 006 007 008 0.00

0.0 0.0000 0.0040 0.0080 0.0120 0.0160 0.0199 0.0239 0.0279 0.0319 0.0359
0.1 0.0398 00438 0.0478 0.0517 0.0557 0.0596 0.0636 0.0675 0.0714 0.0753
0.2 0.0793 0.0832 0.0871 0.0910 0.0048 0.0987 0.1028 0.1084 0.1103 0. 114
0.3 0.1179 01217 0.1255 0:1293 0.133 01368 £.1406 0.1443 0.1480 0.1517
0.4 0.1554 0.1591 0.1628 0.1664 0.1700 01736 0.1772 01808 0.1844 0.1879
05 0.1815 0.1950 0.1988 0.2019 0.2054 0.2088 02123 02157 0.2190 0.2024
06 0.2257 0.2291 0.2324 0.2357 0.2389 0.2422 0.2454 0.2438 0.2517 0.2549
07 0.2580 0.2611 0i2642 0.2673 0.2704 0.2734 0.2764 0.2794 0.2823 0.2852
0.8 0.2881 0.2910 0.2939 02967 0.2995 0.3023 0.3051 0.2078 0.3106 0.3133
048 03159 - 0.3186 0.3212 0/3238 0.3264 0.3289 0.3315 0.3340 0.3365 0.3389
1.0 0.3413 0.3438 0.3461 0.3485 0.3508 0.3531 0.3554 0.3577 0.3599 0.3621
1.1 0.3643 0.3665 0.3686 0.3708 0.3729 0.3749 0.3770 0.3790 0.3810 0.3830
1.2 0.3849 0.3869 0.3888 0.3907 0.3825 0.3944 0.3962 03980 0.3997 0.4015
13 0.4032 0.4049 0.4066 0.4082 0.4099 0.4115 0.4131 0.4147 0.4162 0.4177
14 0.4192 0.4207 04222 0.4238 0.4251 0.4265 0.4279 0.4292 0.4306 0.4319
15 0.4332 04345 0.4357 0.4370 0.4382 0.4394 0.4406 0.4418 0.4429 0.4441
16 0.4452 0.4463 0.4474 0.4484 0.4495 0/4505 0.4515 0.4525 0.4535 0.4545
17 0.4554 0.4564 0.4573 0.4582 0.4591 0.4599 0.4608 04516 0.4625 0.4633
18 0.4641 0.4649 0.4656 0.4664 0.4671 0.4678 0.4686 0.4593 0.4699 0.4706
19 0.4713 0.4719 0.4726 0.4732 0.4738 0.4744 0.4750 0.4756 04761 04767
20 0.4772 04778 0.4783 0.4788 0.4793 0.4798 0.4803 0.4308 0.4812 0.4817
2.1 0.4821 0.4828 0.4830 0.4834 0.4838 0.4842 0.4846 0.4850 0.4854 0.4857
22 0.4861 0.4864 0.4868 0.4871 04875 0.4878 04881 0.4884 0.4887 0.4890
23 0.4893 0.4896 0.4898 0.4901 0,4904 0.4906 0.4909 D.4911 0.4913 0.4916
24 0.4918 0.4920 D.4992 04525 0.4997 04929 0.4931 0.4932 0.4934 0.4936
25 0.4938 0.4940 0.4941 0.4943 0.4945 0.4946 0.4948 0.4949 0.4951 0.4952
26 0.4953 0.4955 0.4956 0.4957 0.4959 0.4950 0.4961 0.4962 0.4963 0.4964
27 0.4965 0.4966 0.4967 0.4968 0.4369 04970 04971 0.4972 0.4973 0.4974
28 0.4974 0.4975 0.4976 0.4977 0.4877 0.4978 0.4979 0.4979 0.4980 0.4981
29 0.4981 0.4982 0.4982 0.4983 0.4984 0.4984 0.4985 0.4985 0.4986 0.4986
30 0.4987 0.4987 0.4987 0.4988 0.4988 0.4989 0.4989 0.4989 0.4890 0.4990




