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2.

Part I: Calculus

. (15%)Let {a,}n=o be asequence of realnumbers such that aq > 0 and a,.; =

. (20%) For each of the following statements, determine whether it is true (0) or false (X). Do

(15%) Use the -6 argument to show that f(x) = /x, x € R, is continuous at any arbitrary
point ¢ # 0.Hint: a3 — b3 = (a — b)(a? + ab + b?).
(10%) Evaluate the following limits:

. 1 - 2
(@) lim — (X5 Vi)'
.. logx—x*+1
(®) }cl_lf} logx—x+1"

1+4/1+a2 Let

{b,}ns0 with by € (0, %) be a sequence satisfying a, = tan(b,,). Find b,, interms of by.

0 . " co _.ZE . . co __E?_ & o0 A00 _(x2+y2)
(10%) Evaluate the integral: [~ ez dz. Hint: (fo ez dz) =[f J, e = dxdy.

Part II: Calculus

not give explanation.

(a) If all the equations in one system of linear equations are linear combinations of the equations
in another system of linear equations, then the solution sets of the two systems are necessarily
identical.

(b) A product of invertible matrices must be invertible.

(c) The zero vector is always included in the basis of a vector space.

(d) All rows of a invertible row-reduced echelon matrix form a basis for the row space of the
matrix.

(10%) Let A be an n X n malrix with entries A;; all real values. Prove that A = 0 if and|

only if the trace value tr(AT4) = 0.

(10%)If A isan n X n matrix, show that if Null(4") = Range(4 — I), then A= A".
(10%) If A isan n X n matrix with 42 = 4 and A" = A. Prove that

(a)if x € Null(4™), then x € Range(4 — I);

(b)if x € Range(4 — I), then x € Null(4™).
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1. . (15%) An electronic device has lifetime denoted by T. The device has value V = 5 if it fails before time £ = 3;
otherwise, it has value V = 2T. If T has probability density function (PDF) fr(t) = gexp (—?‘B—t ,£>0, find

the cumulative distribution function (CDF) of V.
2. Let X4, X, ..., X, beindependently and identically distributed (i.i.d.) random samples from a gamma distribution
with shape parameter a > 0 and scale parameter f > 0, having the PDF
*~* exp(—x/B)
fe(x) = NOIE
i (15%) Find the maximum likelihood estimator of 1, denoted by P, where 1 = af.
il. (15%) Solve for the smallest sample size such that the variance of 1 is smaller than a constant ¢ > 0. The
answer should be expressed in terms of @, f and c.
3. Let X, X5, ..,X, be iid. random samples from a Poisson distribution with mean 4> 0, denoted as
Poisson(A), having the probability mass function

T exp(—i
PX(i)————e—)-(—ag—) 2012,

,xX>0,a>0,8>0.

i (15%) Show that ¥ = Diieq Xj ~Poisson(ni) and ¥ issufficient for 4.
il (10%) Using the fact that “Pr(¥Y < yg) = Pr(Z > 2nl), where Z ~x§y0 follows a chi-square distribution
with 2y, degrees of freedom,” show that the 100(1—a)% confidence interval for A is

1 R g . .
(Z Xsyoi1- o xﬁy‘] +2,g) when Y =y, > 0 is observed, where ¥a,, is'the chi-square @™ quantile for
4 2 2

upper tail probability on p degrees of freedom.
4, Let Wy, W, ..., W, beiid. random samples from a truncated normal distribution 7N (u, o, a) with the PDF
(“’ .

fww) = T uyW > o> 0,1 € R(real numbers),a € R,
o
255
where ¢ and @ are the PDF and CDF of the standard normal distribution, respectively.
i (10%) Find a minimal sufficient statistic for the parameter a.
(10%) Give a 100(1 — )% rejection region for the null hypothesis Hy: a > 0.
(10%) If W~TN(u,0,a) and U|W = w~Poisson(Aw) for any w = a, calculate the expectation value
for W and U.
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1. (10%) Suppose you are taking a multiple-choice test with m choices for each question. In answering a question|

on this test, the probability that you know the answer is p. If you don’t know the answer, you choose one at

random. What is the probability that you knew the answer to a question, given that you answered it correctly?

(15%) Suppose that buses arrive are scheduled to arrive at a bus stop at 8:00 but are always Yminutes late, where)

Y is an exponential random variable with parameter 6. Suppose that you arrive at the bus stop precisely at 8:00.

(Note: el = 2.718)

(a) If you have already waiting for five minutes, compute the probability that you have to wait an additional five]
minutes or more. (7%)

(b) Compute the median for the parameter & of the exponential distribution.  (8%)

(25%) You independently draw 23 data points from a normal distribution. The 23 data points have sample mean
4.1 and sample variance 4.

(a) Please conduct a test with the null hypothesis Hy: py=3.2 against the alternative hypothesis Hy: u#3.2 at al
significance level of @ =0.05. (8%)

(b) What is the p-value for part (a)? (7%)

(c¢) Determine the probability of committing the test using the alternative Hy: p=3.3. (10%)

(20%) A survey is conducted to examine the relationship between gender (male and female) and preference for]

three different brands (A, B, and C). The observed frequencies are shown as follows:

Brand A||Brand B|{Brand C

Male 30 50 ]

Female|| 40 40 30

Answer the following questions at the 0.01 significance level.

(a) If p, and p, indicate the population proportions of male persons who prefer brands A and C, respectively,
then conduct a test to decide where p4 and p. are equal or not. (10%)

(b) Conduct a test for independence between gender and brand preference.  (10%)




RrgaRf 114 2SR RAEIFEREEMEE £45HAR
%2R %5 R

F R A B % RG24 HREMH > /2(2) B4H

5. (30%) The grades of a class of 10 students on a midterm report (explanatory variable, X) and on the final

examination (response variable, ¥) are shown below:

Midterm (X) 77 55 70 73 83 92 94 93 85 68
Final (7) 82 67 78 56 69 87 97 95 9 65

We also have obtained ¥, X; =790, 3 X7 —63870 Y =786, 3 Y2 =63522, and 3 X;Y; = 63301. Below
shows part of the estimation result based on these data.

Coefficient Standard error T
Intercept (A) 20.18 ©
Midterm ®) 0.25 (D)

(a) Compute the values (A)to (D) in details, and conclude whether the slope of the linear regression model is
significantly different from zero at the 0.01 significance level. (10%)

(b) If we fit the regression model without the intercept term for these data, then find the estimate of the slope.

(5%)
(c) If another explanatory variable, gender, is included in the analysis, then we obtain the following analysis
of variance:
Degree of freedom SS MS F
Regression & & X @)
Error ® : @D 90.07
Total ©) &)

Please compute the values (E)to (L) in details, and specify the required formulas.  (10%)
(d) Please show whether gender is a significant variable, given X is already in the model using a = 0.05.

(5%)
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Percentage Points of the ¢ Distribution; £,

P:(T> tv.,:e;) =
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0.30

.20

018

0.10,
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0.015

0.01

00075,

0.0025

0.0005

10,325

0.727

1.376
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3078

6314

12:706.

15895

21208

34,821
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63557

127.322

36.590

0.289

0,617

1061

1386

1886

Z.QZG

4:303

4849

5.643

6.965°

8073

5.925

14,089

31598

0.277

0.978

1250

1838

3482

3.896

4,541

3047

5841

12.924

0:271

0:569

0:941

1,190

1583

2:776:

2,999

3298

3,747

4088

4.604

5.508

8610

0.267

0,539,

0.920

1.15%

1476

2015 :

2371

2,757

3,003

3.365.

3634 |

4.032

4773

6.869

0.265

9.553

0.906

1.134

1430

1943

2617

3.14%

3:372

3707

4317

5050 |

0:263

0.54%

0:896

1,119

1418

1.80§ |

2365

2:517

15

2.998

3.203

3.499

4029

8,408

0.262

0,346

0.889

1108

1,860

2445

2.534

2.398

3.085

3395

3,833

5.041

0.261

0.543

0.833

1,100

1.383

1833

2262.

2.398

A :2!:.5\74

2821

2.998

3.750

3.690

. 4,781

0,260

0879

1.093

1372

1,812

2228

2.359

2.5%1

2764

2932

8,169

33581

4.587

0.260

0.540

0.876

1.088

1363

1796

2201

2328

2491

2218

2.879

3.106

3.499

4437

: 052‘59

0,539 ]

0.873

1083

1356

1,782

2.179

2303

2,681

2385

3.055

3428

4,348
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0259

0,538

0:870

1.6099

1350

1771

2:160

2280

2436

2650

2:801

3012

3372

4221

0258

0537

0.868

1.876

L343

1761

2445

2,264

2418

2771

2977

3.326

4. 140

0.258%

0.536

D866

1.074

1341

1783

2,131

2:249

260%

2.746

2.947

3:286

4073

0,258

0535

0863

1.071

1337

1746,

2420

2.235

2.382

2583

2921

3.252

4.018

0.257

0,534

(0.883

1.069

1383

1.740.

2,110

2924

2.368

2.567

2.709

2,898

3.222

3.963

0.257

0534

0.862

1069

1.330

1,734

2.101

2.214

2356

5559

2689

2878

3.197

3.922

0.237

0,533

0861

1.066

1328

1.729

2093 -

2205

2346

2,539

2674

2,861

3,174

3.883

0.257

| 0:333

0:860

1.064

1323

13723,

2:086

2. 157

ZB38

| 2528

2661

2.845

3.153

3.850

*.6725.31_

0.532

0.859

1063

1323

L72]

2080

2,189 |

2328

2518

2831 |

3,135

_3.819

0.256.

0.532

D858,

1.061

1321

1337

2074 ).

2,183 |

.1:2.\320 ..

0639 .

2818 |

3.119_ |

3,792 .

0.258

0,332

0,858

1060

1319

1714

2065

2,177,

2313 |

%500

2529

2,807

3.104

3.768

0256

0.331

0857

1.039

1318

1711

2:064

2.172

2.307

2492

25690

2.797.

3091

3.745

0.256

0.531

0,856

1.058

1.316

1708

2060

2.167,

2301

ZARS

2612

2.789

3078

3725

8:256

0331

0.356

1058

13813

1706

2.056

2.152

2286

2479

2.605

2,779

3067

3.707

0,256

0.531

0.853

1057

1314

1703

2.032

2158

2291 |

ZA73

2.598

2171

3.057

3.680

0.256

0.530

0855

1.056

1:318

1701

2,048

2,154

2286

2467

2,592

3.047

3.674

0256

0.530

0.854

1.055

13H

1689

2045

2.150

2462

2.586

2.95%

3.038

3.659

0.256

0.530

0.854

1935

1310

1.697

2.147

2278

2,457

2,381

2750

3030

3.646

0255

0529

04851

1.050

1303

1.684

2021

2,123

2.250

2423

2542

27604

2071

3.551

0.254

0.527

0.843

1.045°

1,286

1671

2000

2,099

2223

| 2,350

2504

23660

2913

3.460

| 0.254

0.526:,

0.843

1.041

1289

1‘6658.

1980

2.076

2.196

2.358

2468

28617

2.360

3373

0253

0.524-

0:842

1.03¢6

1282

Lé4s

1.960

2,084

2.170

2326

2,432

2378

2:807

3,201
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Table of the Chi-square Distribution
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Table of Probabilities for the F Distribution

0.05
2

3

4

3

6

i

8

9
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i

2

i3

#

15

20

4

38

il

60

120

16145

199.50

1571

A58

23016

23399

23677

23868

24054

24188

24298

24391

2480

245,36

245,95

24801

24905

250.40

B

2.0

2335

1851

1890

18.16

1825

19.30

1933

1935

1937

1938

1940

1540

1941

184

1842

1843

1945

1845

1946

194

1948

04

0.3

9.35

9.28

942

901

8.94

889

8.8

881

8.79

8.76

8.4

8.3

8.1

870

886

864

862

839

8.57

835

771

694

6.39

6,39

6.26

6.1

6.09

6.4

6.00

3.96

39

551

38

387

386

580

37

33

i

56

366

661

379

34

319

305

4%

488

482

477

474

470

468

4,86

464

452

4.56

433

450

446

443

440

399

3.4

4.76

453

438

428

i

415

410

406

403

400

398

3.96

3%

387

384

381

3

3.4

30

5.9

474

435

412

397

387

38

373

3,68

384

3.60

357

3.5

333

3ot

34

34

338

334

3.30

3.7

3.3

446

407

384

369

338

330

34

380

335

33

3.2

3.2

324

34

315

5

308

u

30

29

312

426

386

383

348

337

329

3.3

318

34

310

307

30

303

301

29

29

286

183

219

213

456
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410

n

348

333

3.2

344

34

30

298

28

291

18

286

285

277

174

470

280

260

238

484

398

3.5

3.3

320

388

341

295

290

28

18

278

.76

274

a2

263

261

257

253

249

245

12 | 45

38

34

326

31

300

291

285

280

255

272

289

266

A

262

24

251

247

243

238

L4

13 | 467

181

34

318

30

29

283

211

)

267

15

268

238

253

2,33

246

4

2.38

M

230

K]

14 [ 460

374

3134

34

1| 4¥

368

3.8

306

290

205

285

2.7

276

27

.40
IZl&

283

159

280

234

| 257
251 |

233 |
248 |

251
24

a5t [ 248

246

242

240

2.3

L3

2.9

133

| 231 |
25 |

| 227 |
20

| 222 |
206

218

JA!

% | 44

363

324

301

285

214

266

2.58

254

248

246

24

240

23

2.35

2.8

2.4

218

215

24

206

17 | 446

3%

3.20

296

281

270

261

2.5

249

245

24

238

233

233

23

23

49

213

210

206

201

18 | 441

3.5

316

293

477

266

2,58

251

246

241

23

234

23

229

227

419

215

211

2.06

20

197

1 | 438

332

38

280

24

263

4.3

248

242

238

K

23

228

256

3

216

il

20

.03

19

18

0|43

349

310

28

N

260

251

243

138

2.3

23

228

203

22

2.0

FA¥S

28

20

19

195

190

H | 43

347

3407

284

268

2.1

24

242

237

231

2.8

2.2

22

220

248

210

205

301

196

19

187

7] 430

34

305

28

266

2.35

246

240

234

230

2.2

2.3

2.40

247

25

pii

203

1.98

194

189

184

23| 428

34

30

2,80

404

2.33

24

231

232

221

224

220

118

215

PAL,

205

201

1%

19

186

181

24 | 4%

340

301

278

262

491

242

236

230

2.2

222

218

213

213

211

203

198

194

189

184

179

B | 44

3.3

299

276

2.60

243

248

23

228

14

2.8

2.16

214

21

29

A

186

192

187

18

L7

% | 48

33

298

274

238

247

238

23

29

22

218

AN

2.0

209

0

198

185

190

185

180

173

i | 4

333

2.96

273

2.3/

246

23]

23

255

2,20

217

213

240

208

206

19

193

188

184

179

173

8 |40

34

29

27

2.3

245

2.36

229

2

219

215

212

20

206

204

196

191

187

18

L7

in

) 418

33

183

210

2.5

243

235

2.8

)

218

PAL]

210

208

205

203

1%

190

185

181

L7

170

i | 4y

33

29

258

233

24

233

22

21

216

213

20

206

20

20

19

189

184

178

174

1.68

46 | 408

3.3

284

261

145

234

223

218

212

208

204

200

19

195

192

14

17

174

169

164

158

60 | 400

315

276

23

2.3

225

247

110

204

198

19

19

1.89

186

184

175

1.70

165

129

13

147

120 | 3%

30

268

245

2.8

218

209

202

1.96

191

187

183

180

178

175

166

181

153

150

14

135

Right Talled DIN = dffn denominator = dozm the rows, o In numerator = aevass the columns

Note: Table s for an ajpha of 0.05
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