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1. (30%) Suppose the correlation matrix of a random vector (X1, X», X3) is given as

1.0 0.5 —-0.
r= 0.5 1.0
—0.5 0

._.
o o o

(a) (6%) Find the eigenvalues of X.
(b) (9%) Find bases for the eigenspaces.associated with each eigenvalues of X.

(c) (6%) Find the diagonal matrix 4 and the orthogonal matrix P to orthogonally diago-

nalize .
(d) (3%) Find the spectral decomposition of 2.
(e) (6%) Show that X is positive semi-definite and.find 22,

2. (20%) Suppose A is a n X n symmetric matrix.

(a) (10%) Show that vectors corresponding to distinct eigenspaces of 4 are orthogonal.

(b) (10%) Consider the following definition: Show that
< u,v>=uldv
defines an inner product in R™

Definition 1 An inner product on awector space V is an operation that assigns to
every pair of vectorsu,v € V a real number < u,v > such that the following properties
hold for all u,v,w &V aondceR.

. <u,v>=<v,u>,

. <u,v4+w>=<u,v>+<u,w>,

1. <cu,v>=c<u,v>.

. <u,u>>0 and < u,u >=0 if and only if u=_0.

A vector space with an inner product is called an an inner product space.
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3. (5 %; 1% for each part) Write down the final answers only.
(a) Find —Ci(ﬁ +3z+1)
a o .

(b) Find ie“‘.

dz
(c) Find dix(ln(z) + zsin(z)).
(d) Find £— 1

dz 2 + cos(x)
(e) Find di:z sin(cos(z)).

e Note. For Problems 4 7 jyou need to show your,work in the solutions.
Writing down the'final answers only for these problems is'net enough to
receive any points.

¢ ¢
4. (20%) Let I(t) = / z" cos(z)dz and Jy(t) = / z™sin(z)dz for.n'> 0
0 0
and ¢ &€ (—o0,00).

(2) (14%) Express /5., (t) and J,.(t) in terms of I3(f), Jn(t), n and
t.
(b) (6 %), Compute I,() and Jo(r), and then find Ii(aw) and J (r)

using the expressions in Part (a).

5. (10 %) Let B(r) ={(@hyh «* + * < r*¥ for >0,

(a) (7%) Find / e Pu(z, y)TorT > 0
D(r)

(b) (3 %) FindWimsSee / e © ¥ d(z,y) based on your answer for
D(r)
Part (a).
6. (10 %) Let f(z,y) = z* + sin(zy) + y*. Does f have a local minimum
or a local maximum at (z,y) = (0,0)? Justify your answer.

7. (5%) Let ¢(z) = ﬂ\/lé_;e—ﬂ/ﬂ for z € (—00,00) and G(z) = / ~ st)dt

for z € (—00,0). Find lim 2G(z)
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1. (a)Let X;,X,,-, X, bei.i.d. uniform random variables in the interval (0, 1). Find
the density function of the range of (X1, X5,+,X,).  (10%)

(b) Let X;,X;, -+, X, bei.i.d. random variables with an absolutely continuous
monotone increasing distribution function F and also let (Y;,Y,*,Y,) denote the
corresponding ordered statistic. Prove that F(X;) is distributed uniformly in the
interval (0,1) and hence show how you can use the result you have obtained in (a)
to get the density function of the random variable F(Y;) —F(¥;). (15%)

2. Let X,,X,,-++, X, bei.id.random variables with pdf

1
f(x) = 3648‘3"x3;x =0,6 >0.

(a) Show that -}-{3— is an unbiased estimator of 8.  (10%)
1

(b) Find the joint distribution of X;-and Yi=4.X; and hence find the conditional
density of X; given %, X;. (10%)

(c) Show that the UMVUE of 8 is E (xi | Z?=1Xi) and compute the conditional
1

expectation.. (10%)
(d) Find the Cramer-Rao lower bound for the variance of an unbiased estimator of 6.
Does the variance of UMVUE attain the Cramer-Rao fower.bound?  (10%)

(e) Show that i%' and Y X; are independent random variables and hence show
{1

that E (zx;i) = i— (10%)

3. Suppose that X,,X,, =, X, bei.i.d. Poisson random variables with parameter A
Independent variables Y;,Y,,+,Y,, are i.i.d.Poisson with parameter A,.

(a) Show that the conditional distribution of ¥ X;, giventhat Y X; +YY, =1 is

Binomial (l, 7 t‘l ) (107%)
1 2

(b) How could you use the binomial distribution in (a) to test Hp:4; = 4, vs.

H :A"l * Az? (15%)
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1. (20%) A box contains 5 black balls and 10 white balls. Each of Player A and Player B is asked to draw 3 balls
from the box and record the number of black balls obtained. Each of them does this 100 times, with the

following results:

Observed Outcomes

0 1 2 3
Player A 25 40 25 10
Player B 40 40 15 S5

(a) (10%) Use a = 0.10 to test the hypothesis that Player.A drew the balls without replacement and Player B drew

the balls with replacement.
(b) (10%) Use a =0.10 to test the hypothesis that the two multinemial populations are the same.

D. (20%) The following data‘were collected from a training program. 3 persons participated in this study and 3

courses were used to evaluate their resulting performances. The grades are shown below.

Person 1 | Person 2 Person 3
Coursa A 84 83 85
Couwrse B 79 77 |
Course C 80 74 70

(a) (8%) At 95% confidence Using théipavalue appreach, do persons periommdifierently?
(b) (8%) Using the critical valug approach‘and a=0.05, are therc'any significant differences among the 3 courses?
(C) (4%) A researcher said "one=way ANOVA camnot be applicd o ihe problem in (b )." Do you agree with this

comment? Please give your reason.

(25%) Let (1, %1), (V2. X2),.. 50/, X ANA W, %, ), (Wi, X3),.o.s (Wi ), e two sets of independent
observations where x;, i = 1,...,n, are"fiX€d constants”Suppose we fit the model y; = a; + Bx; + €; tothe

[FS]

first data set and the model w; = a, + fx; + 7; to the second data set. Suppose that €; and 7; are
independently distributed with mean zero and variance o?.

a) (15%) Find the least squares estimates of a;, a, and f.

(b) (10%) Following Part (a), how to use t test to test Hy: § = 0 vs. Hy: B # 0 ? Please state your testing

procedure(s) clearly to get full credits.
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4. (25%) Bow! A contains 100 red balls and 200 white balls; Bowl B contains 200 red balls and 100 white balls.
let p denote the probability of drawing a red ball from a bowl, but say p is unknown, since it is unknown
whether Bowl A or Bowl B is being used. We shall test the null hypothesis Hy: p = 1/3 against Hy: p =2/3.
(a) (4%) First, we draw three balls at random, one at a time and with replacement, from the selected bowl. Let X
be the number of red balls drawn. Then we decide to reject Hy if X = 2. Please give a reason to explain the
rejection area should be {X > 2} rather than {X < 2}.

(b) (6%) Please find the probabilities of making type I and type II errors in (a).

(¢) (15%) As you can see in (b), the errors are too large, so we decide to draw more balls, say n balls, and the
rejection areais {X > nr}, where X is the numiber of ré@alls from the n draws and 7 is the proportion
and between 0 and 1. Please find the values of n and r, so thatithe type I error probability is 5% and the
power is 90%. (Ps. Use the central limit theorem to find the approximate type I and II errors.)

5. (10%) Let Xy, X5, ..., Xo be'a random sample from themormal distribution N(6,25), and let X and S?
denote the sample mean and sample variance respectively. Find each,of the following:

(2) (5%) P(1.860 < ﬂs‘—s—))

(b) (5%) P(S? < 34.4688)

Critical Values of the ¢ Distribugion

A table entry is the value of £,, having an area to the right of @ under a ¢ distribution with df

degrees of freedom. 2
e

toze  fors  Poi0 toos  Toozs ¥R Ltoocos  foom  fooos
1.376 1.963 3.078 6.314 12.71 3182 63.66 3183 636.6
1,061 1.386 1.886 2.920 4.303 6.965 9.925 22.33 31.60
0.9Y8 1.250 1.638 2.353 3.182 4.541 5.841 10.21 1292
0.041 1.190 1.533 2.132 2.776 3.747 4.604 7.173 8.610
0.920 1.156 1.476 2.015 2571 3.365 4.032 5.803 6.869
0.906 1.134 1.440 1.943 2447 3.143 3.707 5.208 5.959
0.886 1.119 1.415 1,895 2365 2.998 3.499 4.785 b5.408
0.889 1.108 1.397 1.860 2306 2.896 3.3556 4.501 5.041
0.883 1.100 1.383 1.833 2262 2821 3.250 4.297 4.781

~
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STANDARD NORMAL TABLE (Z)

Entries in the table give the area under the curve
between the mean and z standard deviations above
the mean. For example, for z = 1.25 the area under
the curve between the mean (0) and z is 0.3944.

o00] oo0i] ©002] 003] 004] 005] 006| 007| 008] 008

00! 0.0000 00040 0.0080 0.0120 0.0160 _0.0190 ne239 00273 0.0319 0.0359
0.1 00398 00438 0.0478 0.0517 000557 0.0596, 0.0636 0.0575 0.0714 0.0753
02| 00793 0.0832 0.0871 00910 00948 0.0987 0.1 026 0.1064 01103 09141
03! 04178 0.1217 0.1255 0.4293 0.1331 0.1368 D1406 0.1443 0.1480 0.1517
0.4 0.1554 0.1591 0.1628 0.1664 0.1700 0.1736 0.1772 01808 0.1844 0.1879

05| 01915 0.1850 0.1985 0.2019 0.2054 0.2088 0.2123--0.2157 0.2190 0.2224
06 0.2257 0.2291 0.2324 0.2357 0.2380 0.2422 0.2454 . 0.2486. 0.2517 0.2549
07| 02580 0.2611 0.2842 0.2673 0.2704 D2734 D.2784 0.2784 ©.2823 0.2852
0.8 02881 02910 02939 0.2969 0.2995 0.2023 .0.3051 0.3078 03106 03133
09 | 03159 0.3186 0.32t2 0.3238 03264 03289 03315 03340 0.3365 0.3389

1.0 03413 03438 0.3461 073485 0.3508 03513 0.3554 03577 0.3529 03621
1.11 03643 023665 0.3686 03708 0.3729 0.3748 03770 03790 0.3810 0.3830
121 03849 09869 0.3888 | 03907 0.3925 0.3944 03952 039680 0.3997 0.4015
13| 04032 04049 0.4066 04082 0.4099 0411 § 04131 04147 04162 04177
141 04192 0.4207 04222 0.4236 0.4251 0.4265 04279 04292 04306 04319
15| 04332 04345 04357 04370 04382 04394 04406 04418 04429 0.4441
161 0.4452 04463 0.4474 '0.4484 0.4405 D.4505 04515 | D.4525 . 0.4535 0.4545
1.7 | 0.4554 0.4564 04573 0.4582 0.4591 04500 0.4608 046168 04625 04633
18| 04641 04649 04656 04664 0.4671 04678 04536 04693 04699 0.4706
19| 04713 04719 0.4726 04732, 04738 0.4744 0.4750 04756 04761 0.4767
20! 04772 04778 04783 04788 0.4793 04708 0.4803 04808 04812 04817
211 04821 04826 04830 04834 04838 04842 04846 04850 04854 0.4857
221 04861 04864 04868 04871 04875 0.4878 04881 04884 04887 0.4890
23| 04893 04896 0.4898 0.4901 0.4904 0.4906 04909 D0.4911 04913 0.4916
24| 04018 0.4920 04922 04925 0.4927 0.4920 04031 04932 04934 0.4936
25| 04938 0.4940 0.4941 04943 0.4945 0.4946.-04948 04949 0.4951 0.4852
2.6 | 04953 0.4955 0.4956 0.4957 0.4950 04960 0.4961 04962 04963 0.4964
27| 04965 04966 0.4967 0.4968 0.4969 04970 04971 04972 0.4973 0.4974
28| 04974 04975 04976 04977 0.4977 04978 04979 04979 04980 0.4889
29 04081 04082 0.4982 04983 0.4984 0.4984 04085 04985 0.4966 04986
3.0 | 04987 0.4987 04987 04988 0.4988 0.4989 04989 04989 0.49%0 0.4990
3.1 04980 04991 0.4991 0.4991 0.4902 04992 04992 04992 04993 0.4993
2.2 | 0.4993 0.4993 04994 0.4994 0.4994 0.4994 04934 04895 0.4995 0.4905
3.3 | 0.4995 0.4995 0.4995 0.4996 0.4996 0.4996 04096 04996 04996 0.4997
3.4 | 04997 0.4897 04997 0.4997 0.4997 0.4997 04997 0.4997 0.4997 0.4998
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T-12 Tables
Probability p
Table entry for p is the /
critical value £* with
probability p lying to
its right. 5
i T e e e S B R T
F critical values
Degrees of freedom in the numerator
P 1 2 3 4 S & 7 g
100 39.86 49.50 53.59 55.83 57.24 58.20 58.91 59.44 59.86
050 161.45 199.50 21571 224.58 230.16 233.99 236.77 238.88 240.54
1 028 647.79 799.50 864.16 899.58 921:85 937.11 948.22 956.66 963,28
010 40522 49995 54034 5624.6 5763.6 5859.0 59284 5981.1 6022.5
.001 405284 500000 540379 562500 576405 585937 592873 598144 602284
100 8.53 9.00 S.16 9.24 9.29 9.33 9.35 9.37 9.38
050 18.51 19.00 19.16 19885 19.30 19.33 19.35 19.37 19.38
2 023 38,51 39.00 3917 3985 39.30 39.33 39.36 39.37 39.39
010 98.50 99.00 99.17 99.25 99.30 99.33 99.36 99.37 99.39
.001 998.50 999.00 990.17 999.25 969.30 999.33 999.36 999.37 99939
. 100 5.54 5.46 539 5.34 5.31 528 5.27 5.25 524
g .050 10.13 9.5 928 kA 9.0t 894 8.89 8.85 8.81
g 3 .025 17.44 16.04 15.44 15.10 14.88 1473 14.62 14.54 14.47
‘E 010 34.12 30.82 29.46 2871 28.24 27.91 27.67, 27.49 27.35
8 .001 167.03 148.50 141,11 137.10 134.58 132.85 131.58 130.62 129.86
Q
o
2 .100 4.54 4.32 4.19 4.11 4.05 4.01 3.98 3.95 3.94
- 050 771 6.94 6.59 6:39 626 6.16 6:09 6.04 6.00
4 4 025 12.22 10.65 9.98 9.60 9.36 9.20 9.07 8.98 8.90
g 010 21.20 18.00 16.69 15.98 1552 To. 4] 14.98 14.80 14.66
g .001 74.14 61.25 56.18 53.44 =171 50.53 49.66 49.00 48.47
o
&
= .100 4.06 3.78 1.62 3.52 345 3.40 3.37 334 332
2 .050 6.61 5.79 5.41 5.19 5.05 495 4.88 4.82 4.7
ks 5 025 10.01 8.43 1.76 71.39 715 6.98 6.85 6476 6.
é‘, 010 16.26 13.27 12.06 11.39 10.97 10.67 10.46 10.29 10.1¢
a .001 47.18 37.12 33.20 31.09 29175 28.83 28.16 27.65 27.24
100 3.78 346 3.29 3.18 311 3.05 3.01 298 2.96
050 5.99 5.14 4.76 4.53 4.39 4.28 4,21 4.15 4.10
& 025 8.81 1.26 6.60 6.23 5.99 5.82 5.70 5.60 5.52
.010 1335 1092 9.78 9.15 8.75 B47 8.26 8.10 7.98
001 35.51 27.00 23.70 21.92 20.80 20.03 19.46 19.03 18.69
.100 359 3.26 3.07 296 2.88 2.83 2.78 275 2n
.050 5.59 474 4.35 4.2 397 3.87 3.79 3.73 3.68
7 .025 8.07 6.54 5.89 5.52 5.29 512 4.99 490 4.82
.010 12.25 9.55 8.45 7.85 7.46 7.19 6.99 6.84 6.72
001 29.25 21.69 18.77 17.20 16.21 15.52 15.02 14.63 14.33
A 2. 3 Y
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Upper tail 0.3 0.2 (.1 0.054 002 0001 0005 0.00]
ol 2 2.41 3.22 4.61 5.99 7.82 9.2t 1060, 13.82
J 3.66 4.64 G.25 7.81 984 11.34 1284 1637
4 4.88 5499 7.8 949 | 1167 1328 1486 1847
5 6.08 7.29 924 1107 | 1339 15090 1676  20.52

(] 7.23 B.5G - 1064 1259 | 1503  16.81 18.55 224G

7 8.8 980 1202 14077 1662 1848 2028 * 24.32

8 952 11.03 1336 1561 | 1817 2009 21957 2612

9| 1066 1224 1468 1692 | 19.68 @ 21.67 23.59 ~27.88
10| 11.78 1344 1599 831 | 2116 2321 2519 20.59
1T | 1200 14063 17.28 19.68 | 2262 2472 26.76 31.26
12 | 140 581 18.655 2108 | 24.05  26.22 2830 3291
13 | 15.12 1698 1981 2236 | 2547 27.68 29.82 34,83
14 | 1622 1815 921.06 | 2368 | 26.87 29.14 3132 3642
15 | 17.32 1931 | 22.31 2600 | 28.26 3058 3280, 37.70
16 | 1842 20,47 2354 26.304 29.63 3200 3427 - 39.2
17 | 1951 2161 | 2437 27.59 | 3%00 3341073592 40.79
18 | 2060 2276 2599 2887 | 3235 34.8L. 37.16 4231
19 | 2169 2360 27.20 3014 | 33.68 36.18 U858 43.82
20 | 2277 25.04  2RA41 3141 | 35.02 3757 4000 4531
26 | 28.17  30.68  34.38% A7.05 141570 44,31 4693 52162
30 | 3353 3625 4026 ATTPPETO6 50.89 S#GT 58.70
40 | 4416 4727 5181 55.76 | 6044 63.69 6677 7340
50 | 54.72 DBR.AG  63.17 6250 | 72.61  76.15 7949  86.60
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