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(15 pts) Q1. Given that limx=a, prove limx’ =a’, where « isany real number, by

x—a X—=>a

using the precise definition( ¢ — & notation) of a limit.

(15 pts) Q2. If fis a continuous function on an interval, and if @ is any number in that

interval , then the function defined on the interval as follows is an antiderivative of f:

Fx) = [f()dr

(10 pts) Q3. Decide whether { i'——}—;?dx convergesior diverges. Show your work.

(10 pts)Q4. Consider the fufiction f(x, V) —a iy me.Show that the partial derivatives

/.(0,0)and f)_,((), Q) exist, But that fis not differentiable at (ORO)

(15 pts) Q5. Let W ba.an m-dimensional subspacesof R" with orthonermal basis {Xy, X, ...,

Xm}.  Then every vector Xin R® cah be written as X = Z + Y whefe Zisin Wand Y is

orthogonal to every vector in W.

(15 pts) Q6. If L: V. — Wiis a linear transtoi ftion=ther dun(ker L)+dim(ranze L)=dim V,

assuming that 1 = ker L < “dim V.

Q7. (5 pts) (a) If A is a nxn matrix, Shew.thatifX and"Yeaseneetd?s in R” then

(AX) - Y=X - (A"Y)

(15 pts) (b) If Ais a symmetric matrix, then eigenvectors that belong to distinct

eigenvalues of A are orthogonal.
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. (15%) Consider an infinite sequence of independent tosses of a coin that comes up heads

with probability 0.2.

(a) (5%) Compute the probability that the 5th head appears on the 10th toss.

(b) (10%) Let X be such that the first heads appears on the Xth toss. In other words. X

is the number of tosses required to obtain a heads. Compute the expectation E[X].

. (50%) Consider a random sample of size 2. X;. X,. from the uniform distribution over

the interval (0.6) for ¢ > 0.

(a) (10%) Find the p.d.f. of thesample range i = A, — Xol.

(b

) (
) (10%) Find an unbiased.stfficient estimator of 6. denot ed as U. and the p.d.f. of U,
(¢) (10%) Find themaximum likelihood estimalor (MLE) ofig, denoted as T
(d) (10%) It can'be seen in (¢) and.(d)-that.the MBE T is a funetion of the sufficient
estimator Uh Show the folldwing genepal resultsglot Wiis iy baja random sample
from a distribation that has pdf f(z:6).6 € Q. 1f a sufficient statistic U for # exists
and if a MLE, Tt also exists uniquely. then T is a function of &£
(e) (10%) Which one, 15 a Befter estimator for 67 R. Uod T? Pléase consider at least

two criterion for comparison and cxplain the resulis.

(10%) Suppose X ~ Bim(nx.wx). Y ~-Binaymy) and X.Y arc independent. Derive
the conditional distribution of X given X + Y.

. (10%) Let Xy, ... X be awandem sampléfrom-a‘gamma distribution with known pa-

rameter ap and unknown 3 > 0. Construct a confidence interval for 3.

. (15%) If Xi..... X, is a random sample from a distribution with the following p.d.f.

1032 )
I A
0 elsewhere

where 0 < 6 < oco. Find the unbiased minimum variance estimator of 0.
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A B C

&% 50 50 65

i 50 60 65

#R 99 70 70
5o 55 70

(D Pl Tz % 2 o4& (ANOVA )2 C10%)
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3. REMAAEA X, ~ N(,0?) i=120n, yhfofoo koo BEARS 0T -

Mo Ho: =ty vs Hy:p>py °

(1) £ H BAT » MBI EHF TR LB LEHERTLAT? (54)
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SLly=pu, L=pu+o,L,=pu+20, L;=u+30,

Li=p-o,Li=u-20, Li=pu-30.

(1) 35 (X 2L, 0r X <L,)RIAR B AR A5 o *+*é"7r:/e.\$§&.z%%‘z$ > (34)
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=17 | 0446 0436 0427 | 0415 L0405 0401 0392 0384 L0375 0247
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The t Distribution

‘ T((r + 1)/2)
P(T=<1t =I
T=n=], Vrr D(ri2)destmwiip) " 172
[P(T = = | aabiifis=an]
P(T=1)
0.60 0.75 090, 0.95 0.975 .99 0.995
# tg.40(r) toias(r) t0.10(r) 70.0s(#) 40.025(%) fo.01(r) £0.005(")
1 0.325 1.000 3.078 6.314 12.706 31.821 63.657
2 0.289 0.816 1.886 2.920 4.303 6.965 9.925
3 0.277 0.765 1.638 2353 3.182 4.541 5.841
4 0.271 0.741 1.853 2:132 2.776 3747 4.604
5 0.267 0.727 1.476 2.015 2871 3. 968 4.032
6 0.265 0.718 11440 1.943 2.447 3.143 3.707
7 0.263 0711 14415 1.895 2.365 2.998 3,499
8 0.262 0.706 1397 1.860 2.306 2.896 F 355
9 0.261 0.703 1.383 1.833 2.262 2,821 3.250
10 0.260 0.700 1.372 1.3402 2.228 2.764 3.169
11 0.260 0.697 1.363 1.796 2.201 2.718 3.106
12 0.259 0.695 1.356 1.782 2.179 2.681 3.055
13 0.259 0.694 1.350 g7 1 2460 2.650 3.012
14 0.258 0.692 1.345 1.761 2.145 2.624 2.997
15 0.258 0.691 1.341 1.753 2.131 2.602 2.947
16 0.258 0.690 15387 1.746 2.120 2.583 2.921
17 0.257 0.689 #3833 1.740 2.1 }0 2.567 2.898
18 0.257 0.688 1.330 1.734 2.101 20552 2.878
19 0.257 0.688 1.328 ¥729 2.093 2.539 2.861
20 0.257 0.687 1.325 1,225 2.086 2.528 2.845
21 0.257 0.686 1.323 1721 2.080 2.518 2.831
22 0.256 0.686 1.321 1.717 2.074 2.508 2.819
23 0.256 0.685 1.319 1.714 2.069 2.500 2.807
24 0.256 0.685 1.318 1.711 2.064 2.492 2.797
25 0.256 0.684 1.316 1.708 2.060 2.485 2.787
26 0.256 0.684 1.315 1.706 2.056 2.479 2.779
27 0.256 0.684 1.314 1.703 2.052 2.473 2.771
28 0.256 0.683 1.313 1.701 2.048 2.467 2.763
29 0.256 0.683 1.311 1.699 2.045 2.462 2.7156
30 0.256 0.683 1.310 1.697 2.042 2.457 2.750
@ 0.253 0.674 1.282 1.645 1.960 2.326 2.576

This table is taken from Table 111 of Fisher and Yates: Statistical Tables for Biological, Agricultural, and
Medical Research, published by Longman Group Ltd., London (previously published by Oliver and
Boyd, Edinburgh), by permission of the authors and publishers.
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The F Distribution
0.6 0.61 /F(IO, 8)
F(10,8) 1
0.4 0.4
4
0.2 0.24
< a
y ‘ PO 2 -
] 2 iy 4 ! 2 3/ 4
Folry,ry)
BT Tlls + ra)/2rfray P!
T Jo T(ri/DTr /2K + roow/ra) 277
E
Den. Numerator Degress of Freedom, r,
df. ——

a P{F<T) r 1 2 3 4 5 [ 7 8 ] 10
0.05 095 1 161.4 199.5 218 2246 230.2 234.0 2368 238.9 240.5 2419
0.025 0.975 647.79 799.50 864.16 B99.58 921.85 B 11 948.22 956.66 963.28 968 62
oo 0.99 4052 4989.5 5403 6625 5764 5859 5928 5381 6022 6056
0.05 0.95 2 18.51 119.00 19.16 19.25 18.30 19.33 18.35 19.37 15.38 19.40
0.025 0.975 38.61 39.00 29.17 39.25 39.30 39.33 39.36 35.37 39.38 39.40
0.0% 0.99 98.50 99.00 99.17 8925 99.30 99.33 = 9936 99,37 99.39 99.40
0.05 0.95 3 1013 9.55 9.28 A 9.0% 8.94 889 8.85 881 8.79
0.025 0.875 17.44 16.04 1644 15.10 14.88 14.73 1462 14.54 14.47 14.42
0.01 0.98 3412 30.82 28.46 28.71 28.24 2781 21.67 27.49 21.35 27.23
0.05 0.95 4 721 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.6
0.025 0.975 12:22 10.65 9.98 9.60 8.36 8,20 8.07 8.98 £.90 6.84
0.01 0.88 21.20 18.00 16.69 15.58 15.52 15.21 1498 14.80 14.66 14.65
0.05 0.95 5 6.61 578 5.41 519 5.06 4.95 4.88 482 277 474
0.025 0875 10.01 B.43 7.76 7.39 7156 6.98 6.85 6.76 5.68 65.62
Q01 [vR: 1:] 16.26 13.27 12.06 11239, 10.97 10.67 10.46 10.29 1016 10.08
005 0.95 6 599 514 4.76 4.53 4.39 4.28 4.2% 4.15 410 4.06
0.025 0.875 8.8% 7.26 6.60 6.23 5389 582 5.70 5.60 65562 5.46
0.01 099 1345 10.92 8.78 9.18 8.75 847 8.26 810 7.98 1.87
0.05 0.85 7 563 4.74 4.35 4.12 3.97 387 379 343 368 3.64
0.028 0.975 8.07 6.54 5.89 592 529 8.12 4.99 4.90 4.82 476
0.01 0.99 12.25 9.56 £45 7.85 746 719 6.99 684 6.72 65,62
0.05 0.95 8 5.32 4.46 4.07 3.84 3.69 358 3.50 3.44 3.39 335
0.025 0.975 ) 7.57 6.06 542 5.05 4.82 465 453 4.43 4.36 430
0.01 0.9% 11.28 B.65 " 7.9 401 6.63 6.37 6.18 §.03 5.91 5.81
0.05 0.95 9 5.12 4.28 3.86 3.63 3.48 3.37 328 3.23 318 3.14
0.025 0.975 .21 571 5.08 4.72 4.48 4.32 420 4.10 4.03 3.96
0.01 0.99 10.56 8.02 6.99 6.42 6.06 5.80 5.61 547 535 5.26
0.05 0.95 10 4.96 4.10 3.7 348 3:33 322 314 3.07 3.02 2.98
0.025 0.975 6.94 6.46 4.83 4.47 4.24 4.07 J.95 385 3.78 372
0.01 0.99 10.04 7.56 6.65 5.99 5,64 53y 5120 5.06 4.94 4.85
0.05 0.96° 12 4.75 389 3.49 3.26 3N 3.00 291 285 2.80 2.7%
0.0285 0.975 6.55 5.10 4.47 4.12 3.85 3.73 3.61 361 344 337
0.01 0.99 9.33 6.93 6.95 5.41 5.06 482 464 4.50 4.39 4.30
0.05 0.95 15 4.54 3.68 3.29 3.06 2.90 279 2n 2.64 2.59 254
0.025 0975 6.20 4.77 415 3.80 3.58 3.41 3.29 320 312 3.06
[1Xs} } 0.99 B8.68 .36 5.42 4.83 4.56 4.32 414 4.00 3.89 3.80
0.05 0.95 20 4.35 3.49 110 287 2.71 2.60 251 2.45 239 235
0.025 0975 . 5.87 4.46 3.86 3.51 3.29 313 30 2.9 2.84 297
0.01 099 * 8.10 585 4.94 443 4.10 387 370 356 3.46 337
0.05 0.95 24 4.26 3.40 3.0 2.78 2.62 251 2.42 236 2.30 2.25
0.025 0.976 5.72 4.32 3.72 3.38 3.18 2838 2.87 278 270 264
0.01 0.99 7.82 5.61 4.72 4.22 3.90 3.67 3.50 3.36 326 317
0.05 0.95 30 417 3.32 2.92 2.69 263 242 233 ©2.27 2.2 216
0.025 0.8975 5.67 4.18 3.59 325 3.03 2.87 275 285 257 2861
0.01 0.99 7.66 5.39 4.61 4.02 3.70 3.47 3.30 317 3.07 2.98
0.05 0.95% 40 4.08 3.23 2.84 2.61 2.45 2.34 2.25 218 212 208
0.025 0.975 542 4.05 3.46 3.13 2.90 2.74 2.62 253 245 239
0.01 0.998 7.31 5.18 4.31 383 .51 328 302 299 2.89 280
0.05 095 &0 4.00 3.18 2.76 2.63 2.37 225 217 210 2.04 1.99
0.025 0.975 5.29 383 3.34 3.01 279 2.63 2.51 2.41 233 2.27
001 0.99 7.08 4.98 413 365 3.34 312 295 282 272 2.63
0.05 085 120 3.92 3.07 2.68 245 2.29 217 2.09 202 1.96 LR}
0.025 0.975 ) 5.15 3.80 3.23 2.89 2.67 252 239 230 222 2.18
0.01 0.99 6.85 4.79 3.95 348 317 296 2.79 2.66 2,56 2.47
0.05 0.95 ] 384 3.00 2.60 237 221 230 2.01 1.94 1.88 1.83
0.025 0.975 5.02 3.69 312 279 257 24 229 2.19 21 2,05
0.01 0.99 6.63 4.61 3.78 3.32 3.02 2.80 2.64 251 2.41 2.32




