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1. Which of the following pairs of propositions is logically equivalent?
(@ @—9V (—1)and p—(q A1)
(®) =9V (p—1r)and p—(q Vr)
(©) @—9V (p—1)and p—(q A1)
@ @—9 Vv (p—1) and p—(~q A1)

2. Let A={a,b,c,d,e,f,g} and R={(a,a),(},b), (cc) (c,d) (c)(d 9),(ee)(f f)(g9)}be o
relation on A. Then R.is

(a) reflexive and symmetric

(b) antisymmetric and not reflexive
(c) reflexive and antisymmetric

(d) symmetric and not reflexive

3. Which of the following statements is NOT valid:
@MUA-CO)N({C—-B)=A-B
®)(B—-CO)u(C—-B)UuBnC)=({EnC)
© ADB)DB=4
@UNBYUMANBNC) = (AuC)n(AnEB)

4. In how many different ways can 10 identical balls distributed among foﬁr distinguishable children if each|
child receives at least two balls?
(@ 8
()9
(c) 10
@ 11
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. For n = 1, how many functions are there from the set {1,...,n} totheset {1,2,3,4,5}?
@ n®
(b) 5n
(c) 5™
(d) 5n!

. Following Q.5, how many of the functions are injective when n = 3?
(@ 20

(b) 50

(c) 60

(@) 120

. Whatis 191*° mod 132
(@ 3
®) 9
©5
@1

. Whatis (—12)36-50° mod 7?
(@ 2
(b) 1
(c) 4
@3

. What is the probability that a fair die, rolled repeatedly until the number 6 appears for the first time, requires|
exactly four rolls? Choose the closest value:
(@) 8%

(b) 10%

(c) 12%

(d) 14%
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10. At a university with students from exactly 50 states, what is the smallest number of students needed to ensure}
that at least 100 students are from the same state?
(a) 4951
(b) 4949
(c) 4957
(d) 4954
11. How many of the following cases correspond to the existence of a planar graph?

12.

13.

(1) 7 vertices and 13 edges; (2) 6 regions and 5 vertices; (3) 8 vertices and 20 edges; (4) 10 regions and 5
edges.

(@1

(b)2

©3 (

@4

Foran n X n matrix A, what can you say about the eigenvalues of A™*, assuming A is invertible?

(a) They are the reciprocals of the eigenvalues of A
(b) They are the negatives of the eigenvalues of A
(c) They are equal to the cigenvalues of A4

(d) They are zero.

A and B are any mafrices with the same number of rows. What can you say about the comparison of
Rank(4) and Rank([4 B]) without any additional conditions, where [4 B] is the block matrix formed|
by concatenating A and B column-wise.
(8 Rank(4) = Rank([A B])
(b) Rank(4) < Rank(JA B])
(¢) Rank(A4) > Rank([A B})
(d) Rank(A4) = Rank([A B])
(e) Rank(4) < Rank([A B})
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14. Which one is false for the following statements:
(a) If A is diagonalizable, then there is a basis for eigenvectors of A
(b) Not all 2 X 2 matrices are diagonalizable
(c) If A does not have n distinct eigenvalues, then A is not diagonalizable

1 2 3 4
(@ Let A= {i 42} % ﬂ, then [1,1,1,1]7 is an eigenvector of A.
3 1 4 2

(e) Eigenvectors corresponding to different eigenvalues are linearly independent.
3o~ EA (K 15-1948)

15. Suppose A is 3 by 4, and Ax = 0 has exactly 2 special solutions:

.
4 o
| g’ o
0 1

(a) (6%) Find A’s row reduced echelon form R.
(b) (8%) Find the dimensions of all four fimdamental subspaces C(4), N(4), C(AT), N(4").

(¢) (6%) Following (b), find bases for two of these subspaces (choose two subspaces for which sufficient
information is available).

1 -1
16. (11%) Let A = [1 1 ], perform a singular value decomposition on 4, as 4 = UYV7.
0 1

17. (7%) In the multinomial expansion of (2x — y + 32)°, what is the coefficient of xy®z2%?

18. (10%) Use the inclusion-exclusion principle to count the number of integers between 1 and 5,000
that are not divisible by 10,12, or 21.

19. (10%) Fibonacci numbers are defined by f;, = fr—2 + fr—q for n = 2, with the initial values fy = 0}
and fi = 1,prove fofy + fifz + fan-1fon = f, by induction.
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