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For a > 0, the gamma function is defined as
[(a) = / u* e du
0

1. (50%) Define the incomplete gamma function as

1 t
o, t) = m/ﬂ u* e du

Let 6 > 0 and g(z) = 27162 %/ /T(a).

(a) Show that I'(1) = 1.

(b) Show that I'(ar + 1) = Q).

(c) Show that I'(a) ={a 1) when'eris,a positive integer.
(d) Show that [} g(#)de= T(e,t):

(e) Let a 2.and@'= 2, compute [5°z°g(z)dz:

2. (20%) Compute

(a)
s =y
B T
where @ >0, 31> 0 and 4 > Js
(b)
(.,—aan—()b
lim -
(yglolc I‘(a)
3. (20%)

(a) Compute
L i
/0 /0 | = y|dzdy

ab®
f(z) = @3 o

For —1 < k < a, compute [5° z* f(z)dz.

(b) Let

4. (10%) Let A be a positive real number, compute

i e—Akz)\k
k=1 k'
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5. (15%)
Let X have the pdf f (x;0)=60"(1-6)",x=0,1, Z€ero elsewhere. We test

Hozez—;- against H1:9<% by taking a random sample X, X,,..X,

of size n=5and rejecting H, if#is observed to be less than or equal

to a constant c. (1) Find the iiniformly most ‘powerful test. (2) Find
the significant level when'c=1. (3) Find the significant level when c=0.
(4) By using a ranfomized test, modify the testsigiven in (2)and (3) to

|

find a test with significantlevel o = —.
o]

(0]

6. (15%)
Let X,,X,,...X, jdenotes a random [sample from™ a distribution
N(6,0%),—o < 0 < o, Where gfis aglyen positivemumber. Let 1 = X, the

mean of the random sample. Take the loss finction to be

Ljg, w(y)1 =16 — w(»). (1) Define the Bayesian statistiCs and the Bayes’

solution. (2) If ¢ isan observed value of the random variable ® that

is N(u,z2),7>>0 and p are known numbers, find the Bayes’ solution

w(y) for a point estimate of 6.
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1. Please explain the following items. (40%)

(a) Rao-Blackwell Theorem, Completeness and Uniqueness (10%)

(b) Moment-Generating Function, Chebyshev’s Inequality and The
Central Limit Theorem and. (10%)

(¢) The Likelihood Ratio Tests and Chi-square Tests (10%)

(d) Rao-Cramer Inequality and Efficient Estimator (10%)

2. (10%)

Let X,,X,.X, be the order_statistics of iid random wvariable’s
X,,X,,X,with common pdf

De "% > 035>0

0, otherwise,

o |

Let ¥, = X5 1 and /v, =LY pel1) Find the)joint pdf of X, and:

X (2) Arel\Jjand 'Y, independent? Details are required.

3. (10%)
Let X be an random variable.with-pdi
2£0<x<x
fx)=5,7" ’

0, otherwise,

Let Y =sinX . Find the pdf of Y.

4. (10%)

> X,
LetX,,X,..,X,be iid N(u,oc?) random variables. Are X =-*— and

n
(X, - X,X, - X,---X, - X)independent? You are required to show the

details.

IR O OE MR




RIBsd RS 102 25 Em4yiE 4 £ R E

BB IR E L/

e £ 21 ¥ Z ) 2. > — Ak
A R # Bl # ZJ%;;{,@R FREMZABIR F =&
6. Suppose random variable X follows a continuous uniform distribution on the interval 0< x < 12. Random
variable Y has a conditional distribution, given X= x, that is uniform on the interval 0< y < x. Please find
the unconditional variance of Y. (10%)
7. Suppose you want to estimate a regression of x on y. Y, x; = 1,137, Y y;= 6.05, 3, xi2= 54,749, ny= 1.522,
2 X;y;= 262.96. i ranges from 1 to 27, i.e., the number of sample size is 27.
(1) Fit the regression line. (10%)
(2) Test for the significance of the regression slope at the 5% level (10%)
(125,095= 1.708; 127, 0.05= 1.703; 125 9.975= 2.060; 127 9 075= 2.052)
8. You are formulating two hypotheses- a nullsand an alternative hypothesis. Suppose the null mean is 175, the

alternative mean is 190, and the standard deviation is 50. You are considering carrying out a one-sided test at 4
significance level of 5% with"a_pewer of 90%. What is the requitedssample size? (10%) (zo90= 1.28; zoo5=
1645, 20975~ 196, Z20.990175 233)
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. Define the following terms:

- (2) significance level of a test (5%)

(1) p-value (5%)

(3) skewness (5%)
(4) power of a test (5%)

Suppose a patient has Symptoms A and B. The physician therefore orders the patient admitted to the hospitall
for a physical examination. Assume that the results of the examination are consistent with either Disease C or|
Disease D. The probabilities of having Symptoms A and B given no disease, Disease C, and Disease D are
0.001, 0.9, 0.9 respectively. Also assume that'the prebabilities of having no disease, Disease C, and Disease D
are 0.99, 0.001, 0.009 respectively. As a statistician, you are requested to help this physician to determine
whether the patient has no disease, Disease C, or Disease D. What professional opinion would you offer?
(10%)

Use a normal distribution to approximate the upper 2.5th percentile for a Chi-square distribution with a degree
of freedom of 5,000? (10%) (Zo.0s= 1:645; zg075= 196,20 9901=2.33)

A statistician would like'to'compare how long it takes users of Drugs A and B, respectively to become ill after]
stopping taking these drugs, A'study of group of 20 Drug A users is formed. The statistician also finds Drug B
users who match each Drug A user. The mean difference (Drugs A minus B) in time to illness is four months
with a standard deviation of eight months. What can you concludefrom these data? (10%)
(t19,0975= 2.093; t19, 0.99= 2.539: 20, 0975~ 2.086; {0, 566="2528)

A researcher is examining the effect'of Drug A on Disease B. It is found that among 5,000 Drug A users, 13
people develop Disease B, while amonge«10,000 non-Drug-A.users; seven develop Disease B. Assess the data

for statistical significance. (10%) ( 7 o0.)= 6.63; 1 (0995)="7.78; 1 (090.4)=13.28; x*(0995.4)= 14.86)
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Multiple Choice (1 point each)

Identify the letter of the choice that best completes the statement or answers the ques-

tion.

1. When marginal cost is rising, average variable cost
A. must be rising.
B. must be falling.
C. must be constant.

D. could be rising or falling.

2. When goods are not excludable
A. the good will be produced as a puivate good but not as & public good.
B. the good will not be produced.since no one values it.
C. the free-rider problem prevents'the private market from supplying them.

D. everyone can have all they want and he good will Taye 'a zero price.

3. The Coase theorem suggests that private markets may.not bejable to solve the problem of exter-
nalities

A. if the government does not become involved in“the process.

B. when the number offinterested parties is large and bargaining/costs arg high.

C. if the firm in the market is @monopaly.

D. if some people benefit from the externality.

4. The substitution effect of a wage decrease'in.the work-leisure model restlts in the worker choosing

to

>

. work less than before.
. work more than before.
possibly work more or less than before.

U QW

. work more with a higher level of consumption.

5. Suppose a tax of $1 per unit is imposed on a good. The more elastic the supply of the good, other
things equal, the

A. smaller is the response of quantity supplied to the tax.

B. larger is the tax burden on sellers relative to the tax burden on buyers.

C. larger is the deadweight loss of the tax.

D. All of the above are correct.

4% EAEAE A
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A. (i) and (ii) only
B. (iii) only
C. (ii) and (iii) only

B. is bad for society.

equilibrium quantity,

A. another country.
B. the government sector.

D. All of the above are correct.

A. it will be earning economic profit.

D. a different company in the same industry.

A. average revenue is always less than marginal revenue.

B.
C. average revenue is less than the price of its product.
D.

7. Comparing marginal revenue to marginal cost

(i) reveals the contribution of the last unit of production to total profit.
(ii) is helpful in making profit maximizing production decisions.

(iii) always reveals whether a firm is making.ane€6memic profit.
(

iv) tells a firm whether its fixed costs are 00 high.

A could not be considered a waste of economic resources.

C. is the best possible butcome for society.

D. is optimal for one playeg @t the ‘expense of the other;

C. its average revenue will equal marginal cost.

D. its marginal revenue will exceed marginal cost.

10. Workers displaced by trade will eventually find jobs in

6. If a monopolist faces a downward sloping market demand curve, its
marginal revenue is greater than the price of the units it sells.

marginal revenue is always less than the price of the units it sells.

B. its demand curve will be tafgent (0 its averapetotal Costeetirve.

C. the industries in which the country has a comparative advantage.

8. In a world with only two countrics, the nongeoperative outcome to an “arm race” game clearly

9. When a profit-maximizing firm in a monopelistically-eompetitive market is producing the long-run




B HE RS /o2 4B A AN AA
23 7 #6H

L T R A -
(ﬂ%s@bﬁammﬁmﬂ FRr o 2A2800 8 — B
X ih F- BRI %)

Py

A W # 8 é?ﬂ?%ﬁﬁ'%

11. A citizen of Japan uses previously obtained U.S. dollars to purchase the Kindle e-book readers
from the United States. This transaction

A increases Japan net capital outflow, and increases U.S. net exports.

B. increases Japan net capital outflow, and decreases U.S. net exports.

C. decreases Japan net capital outflow, and increases U.S. net exports.

D. decreases Japan net capital outflow, and decreases U.S. net exports.

12. Which of the following shifts aggregate demand to the left?
A. an increase in the price level

a decrease in the money supply

Q w

an increase in net exports

O

. Congress passes a new investment tax credit

13. Policymakers who confro¥monetary and fiseal"poliey_and want to offset the effects on output of
an economic contraction caused by a shift in. aggregate supply could use poligy to shift

A. aggregate supplv to the right.

B. aggregate supply to the left.

C. aggregate demand to the right.

D. aggregate demand to the left.

14. Judith sells cars. In 2012 she added'$500,000 to her inventorys $200,000 of this addition was from
used cars she purchased, while the remaining $300,000 was.ffom her purchases of newly manufactured
cars. How much of Judith’s inventory is included in 2012’8 GDP?

A. 30

B. $200,000

C. $300,000

D. $500,000

15. The Consumer Price Index measures the level of prices in a given year relative to some base year
and is calculated using a weighted average of prices for a typical bundle of goods. The weights are
A. the same for each good.
B. equal to the share of income spent on each good in the base year.
C. qqua] to the share of income spent on each good in the current year.

D. different across goods but assigned randomly.
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16. Assume that autonomous consumption equals $400 and disposable income equals $2000. If total
consumption equals $1600, then the marginal propensity to consumption is

A 0.2

B. 0.6

C. 0.8

D. 1.0

17. Suppose that from a new checkable deposit, Bank A holds four million dollars in vault cash,
sixteen million dollars on deposit with the central bank, and two million dollars in required reserves.
Given this information, we can say Bank A*™faces a red@ized reserve ratio of

A. 5%
. 10%
. 15%
. 20%

O aw

18. Everything else held constant, in the market for reserves, ‘when the federal funds rate is 3%,
raising the discount rate from 4% to 5%

A. has an indeterminate effect on the federal funds rate.

B. raises the federal funds rate.

C. lowers the federal funds rate.

D. has no effect on the federal funds rate.

19. The quantity theory of inflation indicates thatif the.aggregate output is growing at 6% per year
and the growth rate of money is 10%, then inflation is ‘

A 4%

B. -4%

C. 1.6%

D. 0.6%

20. If the required reserve ratio is 10%, currency in circulation is $200 billion, checkable deposits are
$400 billion, and excess reserves are $0.4 billion, then the M1 money multiplier is about

A. 0.60

B. 3.50

C. 1.50

D. 2.50
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Problems and Short-essay Questions
Please answer the following questions IN SEQUENCE. All questions may be answered

in either Chinese or English.

1. Consider a competitive market whose demand is given by Q(P) = 500 — 50P. There are 200
identical firms in the market, each producing with a technology characterized by the total cost func-
tion, T'C(g) = 4 + 0.02ng + ¢*, where n and g denote the number of firms and quantity produced
by each firm, respectively. Apparently, each firm’s marginal cost is increasing in the number of firms
coexisting in the market.

a. (5 points) How much profit does each fifin_make 1n"she short-run equilibrium?

b. (15 points) In the long run, firmgfcaf freely enter o xit the market. How many firms are
there in the market when it reaches the long-run equilibrium?\How many units of output does each

firm produce in the long-run equilibrium? What is the corresponding. marginal cost?

2. Suppose, for a specific/good, the excess'demand funetion.of\the home country is P =2-@Q and
the excess supply function of the foreign country is, P =d=. Answer the following questions.

a. (10 points) What are the equilibrium price and theshome country’s quantity of import under
free trade?

b. (10 points) Supposeithe home fcountry imposes an ad valofem tariff. /Calculate the optimal

tariff the government should I&vy ifit wants to maximize the welfaré of 1tgfcitizen.

3. a. (6 points) Give two major reasonsihat.support a downward-sloping aggregate demand (AD)
curve?

b. (7 popints) Explain in detail’how the several rounds of quantitative casing (QE) implemented
by the Federal Reserve system could,possibly affecimthe AD eurve insthe U.s.?

c. (7points) Given that the current ififerest rate is alféady very low (the real interest rate is
reportedly negative), how could another round of QE (say QE4) boost up the U.S. economy?

4. (20 points) This is a question about the expectations theory of the term structure of interest rates.
Consider 1-year zero-coupon bond and 2-year zero-coupon bond. Both bonds have the same face
value of $1. Today’s 1-year interest rate on the l-year bond is 10%. Investors are risk-neutral.

a. Suppose that investors expect that the 1-year interest rate on the 1-year bond next year will be
10%. There is no uncertainty, meaning that investors assume that the 1-year interest rate next year
will be exactly 10%. Given these information, according to the expectations theory of term structure,

what would be today’s 2-year interest rate on the 2-year bond?
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b. Now the expected rate is still 10%, but suppose there is uncertainty: with probability 1/2 the
1-year interest rate on the 1l-year bond next year will be 12%, and with probability 1/2 the 1-year
interest rate on the l-year bond next year will be 8%. What would be today’s 2-year interest rate on

the 2-year bond in this case?
c. Continue from (b) above, but now suppose the investors are risk-averse. In this case, today’s

2-year interest rate will be higher or lower than your answer in (b)? Why?




